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Motivation

e Selfish agent — optimizing its own utility rather than reaching
the social optimum

® When considering the agent’s incentives, Nash equilibrium is

the most popular solution concept

® |s it a sustainable solution?
® Nash equilibrium is resilient to unilateral deviations

® Does not necessary imply that the solution is sustainable since

other types of deviations might be possible




Strong Equilibrium (SE)

® Definition: SE is a state from which no coalition (of any size)

can deviate and improve the utility of every member of the
coalition (while possibly lowering the utility of players

outside the coalition).

® Definition: k-SE is a state from which no coalition of at most

k players can deviate and improve the utility of every

member of the coalition.
® Note: Considering only pure equilibriums

® From the definitions:
SE=n—-SEc€(n—-1)—SEc---€2—-SEc1—-SE=NE




Strong Equilibrium (SE)

® Formal Definition:

* A pure deviation of a set of players I' € N (also called
coalition) specities an action for each player in the coalition,
i.e., Y €EX;er S;. A profile s € § is not resilient to a pure
deviation of a coalition I' it there is a pure joint action y of
I' such that ¢;(s_r, ¥) < ¢;(s) for every i € I'. A pure NE
s € § is a k-strong equilibrium, if there is no coalition I
of size at most k, such that s is not resilient to a pure

deviation by [




Strong Price of Anarchy (SPoA)

® Definitions: Similarly to PoA and PoS we define:

® SPoA is the ratio of the worst SE and the optimum
® k-SPoA is the ratio of the worst k-SE and the optimum
® SPoS is the ratio of the best SE and the optimum

® k-SPoS is the ratio of the best k-SE and the optimum




SPoA/SPoS - Formal Definitions

Consider game G, and an objective function fj;

The objective function is:

® the social cost of s € Sis f; ()

The optimal social

Let ®(G, k) be the

Definition: If ®(G,
k — SPoA =
k —SPoS =

cost: OPT(G) = mingesfs(s)
set of k-SE of the game G
k) + @ then

Mmaxsea (k) f6(S)
OPT(G)

MiNgea (G, k)6 (S)

OPT(G)




SE and SPoA

* By definition: SPoA < PoA

* If SE exists, it may be very robust

® Major downside: Most games do not admit any SE
Even a simple classical game like Prisoner’s dilemma

® The approach: to identity under what conditions (games and
settings) the existence of a SE is guaranteed and measure its
quality.

* We will discuss 3 models:
® Job scheduling
® Network creation

® Cost sharing connection games




Job Scheduling - The Model

e M ={My, ..., M,,} the set of m machines

N = {Ny, ..., N} the set of n players (jobs)

* w;(J) is the weight of player / € N on machine M; € M
* §5; = M is the action space of player / € N

°* § =051 X+ X5, is the joint action space

* S; - the machine player [ selects in a joint action s € §
* B;s =1{J |s; = M;} is the set of players on machine M;
e Li(s) = ZJEBi,s w;(J) is the load on machine M;

° (s) = L;(s) is the load that player J observes on M;




Job Scheduling - The Model

® The social cost is the makespan
e makespan(s) = max;c;(s)
e OPT = mingmakespan(s)
* We define:
* Wiin(J) = min;w;(J)
e min(J) = argmin;w;(J)
e OPT(]) is the action of job J under OPT




Job Scheduling - Equilibrium Existence

® Definitions:

A

e A vector (Ig, 1y, ..., L) is smaller than (I3, 5, . .., L)
lexicographically if for some i,l; < I; and I = [ for all
k<.

® A joint action S is smaller than s’ lexicographically if the vector
of machine loads L(s), sorted in non increasing order, is smaller
lexicographically than L(s"), sorted in non increasing order. We
denote thisby s < s’




Job Scheduling - Equilibrium Existence

® Lemma 1: Consider two joint actions s and s’ such that the
load vectors L(s) and L(s") differ only in the loads of
machines in a set M' € M. If for each M; € M’
Li(s) < max{Ly(s)|M; € M'}thens < s'.

® [ emma 2: The lexicographically minimal joint action S is NE

* Assume J can benefit from deviating from s; = M; to s'; = My,
then:
Li(s) < Li(s)
L;i(s") < Li(s)
Li(s") < Li(s)

® According to lemma 1, s" < s, and we get a contradiction.




Job Scheduling - Equilibrium Existence
® Theorem: In any job scheduling game, the lexicographically

minimal joint action s is a k-SE, for any k.
o Proqf:
® Assume by contradiction that there is a coalition I' of size k < n

that can deviate and lower the observed load of each player in it.

Let I' be minimal coalition.

® Every job in the coalition must migrate (otherwise I' is not
minimal).

® Let s’ be the profile after the deviation

e M(T',s) = Ujerts;}

e M(T,s)=M(T,s")




Job Scheduling - Equilibrium Existence
® Theorem: In any job scheduling game, the lexicographically

minimal joint action s is a k-SE, for any k.

® Proof cont.:
e M'=MT,s) =M(T,s")

If there is a machine that a job migrates to but no job migrates from, it
contradicts that s is a NE.

If there is a machine that a job migrates from but no job migrates to, it

contradicts the minimality of I

® For each machine M; € M’ there is at least one job /] € N that

wishes to migrate to it and will benefit from it
S’] = M; and LSl](S’) < LS](S)




Job Scheduling - Equilibrium Existence
® Theorem: In any job scheduling game, the lexicographically

minimal joint action s is a k-SE, for any k.
® Proof cont.:
* We get that for each M; € M":
Li(s") < maxp{L(s)|My € M'}

® According to lemma 1, s" < s, and we get a contradiction to

the minimality of s.

* Note: The theorem implies that k-SPoS is 1.




Job Scheduling - Equilibrium Existence

® The requirement that every member in a coalition strictly

benefits from the deviation is a crucial assumption for the
correctness of the Theorem.

If we relax the condition and require only that some member improves its
cost and no other member of the coalition would lose from the deviation,

there are job scheduling games that do not have any SE.

° Exarnple: in 2 identical machines and 3 unit jobs no

equilibrium is a 2-SE

o NE: Not 2-SE: T' = {1,2}

J2
J e
M,

2
1
M1 Ml MZ




Job Scheduling - SPoA

® |dentical machines:
PoA < 2 and SPoA < PoOA.

2
The SPoA doesn’t improve on the PoA, since SP0A =

1+
¢ Unrelated machines: The PoA is unbounded, does the SPoA

improve on the PoA?

° Example: consider m = 2 machinesand n = m jobs where

w;(J;) = €foralll < i < mand Wi(]j) =1foralll #J

OPT: (also the only SE) NE:
makespan = ¢ makespan = 1
My M, M, My M, M,

1
SPoA =1 PoA > =




Job Scheduling - SPoA

® For any job scheduling game with m unrelated machines and
N jobs, the following bounds on the SPoA are proven:
e SPoA<2m —1landform = 2,S5SPoA < 2
e SPOA=m

® The previous example also shows that (m—1) — SPoA is
unbounded.

2nm

e Fork > m,SPoA < + 4m where z = {%‘

z
® The worst-case SPoA is at most O (nmz /k) and at least

Q(n/k)




Job Scheduling - SPoA

® Claim: For any job scheduling game with unrelated

machines, the following inequalities hold:

1
2) OPT = EZ] Winin(J)

® Theorem: For any job scheduling game with 2 unrelated
machines and n jobs, SP0A < 2.
® Proof:
Let s be a SE and WLOG L,(s) = L{(s)

If for every J € By ¢, wo(J) < wy(J) then by (2) we get L,(s) < 20PT.
Otherwise there exists | € B, ¢ such that w, () > wi())




Job Scheduling - SPoA

® Theorem: For any j ob scheduling game with 2 unrelated
machines and n jobs, SP0A < 2

° Proof cont.:

There exists | € B; ¢ such that w, () >wi()

S isa NE, hence L,(s) < L;(s) + wi(J)

By (1) we get L,(s) < Ly(s) + OPT

There are different cases regarding OPT:

* Li(s) < L,(s) < OPT: contradicts the minimality of OPT

 OPT < L, (5) < L,(s): contradicts that s is SE (a coalition can deviate to OPT)
o Li(s) <OPT < L,(s):L,(s) <L.(s)+ OPT < 20PT

Taking the maximum over all cases, we get SP0A < 2




Job Scheduling - SPoA

e For the rest of this section we will assume WLOG that given a
profile s, L (s) < - < L, ().
The machine indices are sorted in a non—decreasing order of the loads under s.
® Definition:
* We denote by M; = M;, if there is a job | such that M; = sy,
S
M; = min(J) and i = j.
* M;, M; for i > j are connected under the profile s if 3i’, j’ such
thati' =i >j > j', and M; > M;.
S

e Cp,(s) ={M,, ..., M;} : the maximal suffix of machines, such that
M1 is connected to M; under the profile s.

® Claim: For every job J such that s; € (s) we have
min(]) € C,,(s).




Job Scheduling - SPoA

e C(s) ={M,, ..., M;} : the maximal suffix of machines, such

that M; 4, is connected to M; under the profile s.

M: \m m—1 m—2 m-—3 m—4}

f

Cm (s)




Job Scheduling - SPoA

® Lemma: Let s be a NE. It M; = M; then:
s

° Li(s) < Lj(s) + OPT
° Vi,j € Cp(s):Li(s) < Lj(s) + (m — 1)OPT
® Proof:
e Li(s) < Lj(s) + w;(J) for each | € B; ¢ (since s is NE)
e 3/ € B; s s.t.M; = min(J) (by definition of connectivity)
* w;(J) < OPT (by inequality (1))
e Overall L;(s) < Lj(s) + OPT

* By consecutive application of this argument the load of M, and

M, differ at most by (m — 1)OPT.




Job Scheduling - SPoA

® Theorem: For any j ob scheduling game with m unrelated
machines and n jobs, SP0A < 2m — 1.

© Procyf:
® [et sbeaSE

° If AM; € Cpy(s) s.t.Li(s) < m - OPT then by the lemma we get
L., (s) < (2m —1)OPT. Done.

¢ Otherwise, VM; € C,,(s),L;(s) > m-OPT

Such profile S is not a SE: consider coalition I' = U MEC(s) B; s

¢ Profile s": s'; = min(J) for s; € C;;,(s) (remember min(J) € C,,(s))
s’;=s for s; & Cp ()
o VM;€ Cp(s): Li(s’) <m - OPT < L;(s) (by inequality (1))

o Overall we get that every job in the coalition is strictly better off under s’.
g Y] y




Job Scheduling - SPoA

® There exists a job scheduling game with m unrelated
machines for which SPoA4 > m.

® Proof:
* A game with m jobs and m unrelated machines
e Forl=2,....m:w;(J;)) =Lw,_1(J;) =1land w;(J;) =0 fori # 1,1l —1
e For Ji: wy(J1) =w,,(J;) =1land w;(J;) = oo fori#1,m
OPT: SE:
makespan = 1 makespan =

]
-l
1 M3

M, M; M; M M




Network Creation - The Model

o V' ={1,...,n} the set of players (vertices)
e S, ={(v,u)|u € V{v}} is the action set
* Players buy edges at cost @ > 0 for an edge

* Given a profile s = (54, ..., ), 5; € S, the resulting graph is
G=V,E) when E = U,y Sy

e §5(v,w) - the shortest path between v and w in G (S)
* Bs(v) = als,| - the cost for the bought edges

e Dists(v) = Ypery 05(v, W) is the distance cost

* ¢,(s) = Bs(v) + Distg(v) - cost of a player

® The objective function is: cost(s) = Y ey €, (S)

* The optimal costis: OPT = mingegcost(s)




Network Creation -
Equilibrium Existence

Theorem: Let s* be a profile where G(s™) is a star in which

all the nodes by edges to the root 7. For @ = 2, the profile
s*isaSE.

Proof:

e Assume there exists a coalition I' and a deviation s’ such that

each node in I strictly gains from deviating tos'.
e 7 & I since in s* the root has the lowest possible cost

® For any node Vel denote:

Xy - the number of the new outgoing edges

Y, - the number of the new incoming edges

® Yer Xy = Yiper Yy - since all new edges originated from I




Network Creation -
Equilibrium Existence

® Theorem: Let s* be a profile where G(s™) is a star in which
all the nodes by edges to the root 7. For @ = 2, the profile
s* isa SE.

® Proof cont.:

¢ Zvef‘xv = Zver‘yv3
® Case 1:dv ET's.t. x, >y,

If v doesn’t remove it’s original edge to 7, the changes in v’s cost:
ax, — (x, +y,) = ax, —2x,+1=>0

U removes it’s original edge to 1: the Changes in V’s cost:
ax, — (x, +y,) —a+1=ax,—2x,+2—a=(x,—1)(a—2)=0

v doesn’t improve its cost, and we get a contradiction.

® Note: For @ = 2 a star is also the optimum, hence SPoS =1




Network Creation -
Equilibrium Existence

® Theorem: Let s* be a profile where G(s™) is a star in which
all the nodes by edges to the root 7. For @ = 2, the profile
s* isa SE.

® Proof cont.:

° Zvef‘xv = Zver‘yv3
® Case 2:VvETl: X, =y

If v doesn’t remove it’s original edge to r, the changes in v’s cost:

ax, — (x, +y,) = (@ —2)x, =0

The only way to improve the cost is to remove the edge to 7,

but then I' won’t be connected to the rest of the graph and the distance

cost will be oo.

v doesn’t improve its cost, and we get a contradiction.




Network Creation -
Equilibrium Existence

® Theorem: For a < 1,s isa SE iff G(s) is a clique. For & = 1,
if G(s) is a clique, then s is a SE.

® Proof:
® For a < 1 every NE is a clique, so if s is a SE then G(s) is a

clique :

® The other direction holds for a < 1:

s is a profile s.t. G(s) is a clique

I"is a coalition that deviates to s’ and improves the cost of each node in it

X = |E G(s)l — |Eg(sn| - number of edges that are missing from the clique




Network Creation -
Equilibrium Existence

® Theorem: For a < 1,s isa SE iff G(s) is a clique. For & = 1,
if G(s) is a clique, then s is a SE.

® Proof:
® The other direction holds for a < 1:

For each missing edge:

* Exactly one v € I' decreased B(v) by a, thus },,cr B(v) decreased by
exactly ax < x

* Atleast one ¥ € I increased his Dist(v) by 1, thus },er Dist (V) increased
by at least x

The sum of the costs of the nodes in the coalition has not decreased
* Note: Since in this case a clique is the social optimum, the
SPoS is 1




Network Creation -
Equilibrium Existence

® More results:

® For a € (1,2) there is no SE in general, even if we limit the
coalition size to 3.
® More specifically: for n = 7 there does not exist any 3-SE
® The theorem holds also forn = 6
® Forn = 5 there does not exist any SE
® For n < 4 there always exists a SE

® The star graph is a 2-SE for any n




Network Creation - SPoA

® Theorem: For any @ = 2 and any n, we have SPoA < 2.

® [emma 1:Let s be a NE. For every node UV we have

cost(s) < (n—1)(2a + n — 1+ Dist(v))

® Lemma 2: Let S be a NE. Assume that for every node v, such
that s, # @, we have Dist(v) > 3n — 5.Then s is not a SE.

® Jemma 3: Let s be a NE. Assume that for some node v, such

. cost(s)
that s, + @, we have Dist(v) < 3n — 5.Then c0st(0PT) <2
e cost(s) <(n—1)Q2a+n—-1+3n-05)
=2(n—1)(a + 2n — 3)

e cost(OPT)=an—-1)+(n-1)2n-2)+1)+(n—1)
=(n—-—1D(a+2n-—2)




Cost Sharing Connection Games

® A network design game in which:
® there is an underlying directed graph with edge costs

® cach of n users has a speciﬁed source node and sink node he wishes to
connect, while paying as little as possible.

® The cost for each user is determined by
some predefined sharing rule

fair connection game - cost of an edge is
divided equally among all the users that have
it in their chosen path

general connection game - each user offers prices
for the edges he wants to use according to his
chosen path, and an edge is bought if the sum

of all the offers for this edge covers its cost




Cost Sharing Connection Games -
The Model

* G = (V,E) — an underlying directed graph
® Each e € E has a finite cost ¢, = 0

e N ={Njy, ..., N} the set of n players

® Each player i € N has source s; and sink ¢;

® Fair connection game:
® The action §; includes all the paths from s; to t;
* N¢(S) —number of players selected a path containing e in s

® The cost function of each player on edge e:
Ce
fone(s)) = 25

® The cost of player i, when selecting path Q; € S;:

ci(s) = ZeeQi fe(ne(s))




Cost Sharing Connection Games -
The Model

® (General connection same:

® The action S; is a payment vector p;

* p;(e) —how much player [ is willing to contribute to buy e

® For profile p = (p1, D2, .-, Pn), Eyp is the set of bought edges

ce€E,if);pi(e) =c,

* G, = (V, Ep) — the resulting graph

® The total cost of a player is ¢;(p) = ZeEEp p;(e) if s; is
connected to t; in G, and 0 otherwise.

® The total cost for profile p: ¢ (p) = 2;ci(p)




Cost Sharing Connection Games

® We consider 3 types of games, regarding the source and sink:

1)

2)

3)

Symmetric connection game- all players share the same

source and sink nodes

Single source connection game — all players share the same

SOource

Multi Commodity connection game — each player has its

own source and sink




Cost Sharing Connection Games

* Goal: Identity under what conditions the existence of a SE is
guaranteed.
® Our underlying directed graph would be acyclic, with source
and sink nodes

Source node — can reach every node

Sink node — can be reached by every node

® We will discuss 2 families of acyclic graphs:
Extension parallel graph
Series parallel graph




Cost Sharing Connection Games

* Given 2 directed graphs G; = (V3,E;) and G, = (V,, E3),
with sources s; € V;, s, €V, andsinkst; € V;, t, €V, we

define the following actions for composition:

® Parallel composition: G = G1]|G,

Collapse the sources to one sources s, and the sinks to one sink ¢

........................




Cost Sharing Connection Games

* Given 2 directed graphs G; = (V3,E;) and G, = (V,, E3),
with sources s; € V;, s, €V, and sinks t; € V;,t, € I, we
define the following actions for composition:
® Series composition: G = G; — G5

Collapse the source s;, and the sink t;




Cost Sharing Connection Games

* Given 2 directed graphs G; = (V3,E;) and G, = (V,, E3),
with sources s; € V;, s, €V, and sinks t; € V;,t, € I, we

define the following actions for composition:
® Extension composition: G = G; =, G

A series composition when one of the graphs is a single directed edge




Cost Sharing Connection Games

* Extension parallel graph (EPG)
1. Asingle directed edge
2. Agraph G = G4]|G;
3. Agraph G = G —, G,
Where Gy and G are extension parallel graphs.
* Series parallel graph (SPG)
1. A single directed edge
2. Agraph G = G4]|G,
3. Agraph G = Gy — G,
Where Gy and G are series parallel graphs.




Cost Sharing Connection Games

® Lemma:
Let G be an SPG with source s and sink t.
Given a path Q from s to t,
and a vertex t’,
there exists a vertex y € Q,
such that for any path Q" from s to t’, ¢
the path Q' contains y and

the paths Q'y,tr and @ are edge disjoint.
We call the vertex y

the intersecting vertex of Q and t'.




Fair Connection Games
Equilibrium Existence

® Theorem: Every symmetric fair cost sharing connection

game admits a strong equilibrium.
® Proof:
o s',t’ - the source and sink nodes of all the players, respectively

® Profile s —all the players choose the shortest path Q

® Suppose S is not a SE:

There is a coalition I" that can deviate to a new profile s’ and improve the

cost of every player

Let Q'; be anew path used by j € T
C(Q'j\(Q NQ';)) = c(Q;\(Q NQ’';)) —since Q is the shortest path

Therefore, for every j € I': ¢j(s") = ¢;(s) - contradiction




Fair Connection Games
Equilibrium Existence

® The minimality lemma:

® [ et A be a fair connection game on a SPG G with source s
and sink t. Assume that player i has s; = s,t; = t and that A

has some SE.
® [ et s be a SE that minimizes the cost of player [
ci(s) = mingespci(T)
® Let s* be the profile that minimizes the cost of player [
ci(s™) = mingegc;(T)
® Then, c;(s) = c;(s¥)




Fair Connection Games
Equilibrium Existence

® Lemma: Let A be a fair connection game on a graph
G = G1||G2, where G; and G, are SPGs. If every fair
connection game on the graphs G and G, possesses a SE,

then the game A possesses a SE.
® Proof:
® Let graphs G; = (V4, E7) and G, = (V,, E;), with sources 4,55
and sinks, tq, t, respectively.
o T; - the set of players with an endpoint in V;\{s, t} (i = 1,2)
® T3 - the set of players with source s and sink t (of &)
® Note: Vy =Ty UTzandV, =T, UT;y

® Ay, A, - the original games on G, G, respectively




Fair Connection Games
Equilibrium Existence

® Lemma: Let A be a fair connection game on a graph
G = G1||G2, where G; and G, are SPGs. If every fair
connection game on the graphs G and G, possesses a SE,

then the game A possesses a SE.

® Proof:
¢ s',s"" - SEin Ay, A, that minimizes the cost of players in T3
® WLOG: ¢;(s") < c;(s"") wherei € T
Note: in SE, all players in T3 follow the same path and have the same cost
e A'; - the game on G, with players T, and § be a SE in A’
® The profile s = s'U §isa SE
® Otherwise there is a coalition I' that can deviate and decrease

the cost of each of its players




Fair Connection Games
Equilibrium Existence

® Lemma: Let A be a fair connection game on a graph
G = G1||G2, where G; and G, are SPGs. If every fair
connection game on the graphs G and G, possesses a SE,

then the game A possesses a SE.
® Proof:
® By the minimality lemma and the assumption ¢;(s") < ¢;(s") a
player in T3 cannot improve its cost.
® Therefore:I' ©€ Ty U T,
* Contradiction to s’ being SE in A; or § being a SE in A",




Fair Connection Games
Equilibrium Existence

® Theorem: Every single source fair connection game on a
series parallel graph possesses a SE.

® Theorem: Every fair connection game on an extension
parallel graph possesses a SE.

For more general topologies:

® Theorem:

® There exists a multi commodity fair connection game on a SPG
(that is not EPG) that does not possess a SE.

® There exists a single source fair connection game that does not

possesses a SE.




Fair Connection Games
Equilibrium Existence

® Theorem: Every single source fair connection game on a SPG

possesses a SE.

® Proof:
® By induction on the network size |V|:
e |V| = 2: obvious
® Let graphs G; = (V4, E;) and G, = (V,, E;), with sources s4,5;
and sinks, t, t, respectively.
® We show the claim for a series composition G = G; — G, and
for a parallel composition G = G4 ||G5.

® Parallel composition: follows directly from the previous lemma.




Fair Connection Games
Equilibrium Existence

® Theorem: Every single source fair connection game on a SPG

possesses a SE.
® Proof:
® Series composition: G = G; = G
e T;- the set of players with sink in V3
* T,- the set of players with sink in V,\{s;}
® Ay, A, - the original games on G1, G, with players Ty U T, T,
respectively
® For player i € T, with action s; in A :
S; N E; is the action in A4 (the sinks of all players in T, are set to t;)

S; N E; is the action in A, (the sources of all players in T are set to Sy)




Fair Connection Games
Equilibrium Existence

® Theorem: Every single source fair connection game on a SPG

possesses a SE.

® Proof:
® Let s’ be a SE in A; that minimizes the cost of players in T,.
By the induction hypothesis and the minimality lemma
® Lets”" beaSEinA,
e s =s'Us" isa SE in the game A:
Assume a coalition I" can deviate and improve the cost of every member:

 I' € T;: contradiction to s’ being a SE

* 3j € I' N T;: by the minimality lemma player j cannot improve its cost
in A1, so the improvement must be in A,. But then the coalition

I' N T, contradicts that s’ is a SE.




Fair Connection Games
Equilibrium Existence

® Theorem:

® There exists a multi commodity fair connection game on a SPG
(that is not EPG) that does not possess a SE.

® Proof:

Unique NE s:

* sy ={ec}, s1=1{b f}

o Since the alternate paths for e and f
will cost 2.5

* Cost 5 for each player

Not SE:

¢ Coalition I of both players, can deviate to s':

s’y ={a,b,c}, s',={b,c,d}

* Cost 4 for each player




Fair Connection Games
Equilibrium Existence

® Theorem:

® There exists a single source fair connection game that does not
possesses a SE.
® Proof:
Unique NE s:
* sy ={a,b}, 51 ={ac}
o Always the best response
* Cost 2 for each player
Not SE:
* Coalition I' of both players,

can deviate to s':
¢ S,1 = {h)fld}) S’2= {hlf)e}
* Cost 2 — g for each player




Fair Connection Games
Equilibrium Existence

® The topological conditions are sufficient but not necessary:

® Non-series parallel graph with a single source that always
admits a SE:

® Non-extension parallel graph that alvvays admits a SE:




Fair Connection Games
SPoA - Upper Bound

® Theorem: The strong price of anarchy of a fair connection

game with n players is at most H (n)
® Proof:
® Let s beaSE and s* be the OPT.

® Let st be the induced profile of § of players in T'.

® Since S is a SE, there exists a player in I}, = {1, ..., k}, for
k=n,..,1 (WLOG call him k), such that:

ck(s) < cx(s—r,,s'r) < ck(s'ry,)

e The potential function:

ne(s) 1
o5y




Fair Connection Games
SPoA - Upper Bound

® Theorem: The strong price of anarchy of a fair connection

game with n players is at most H (n)
® Proof:
° Claimzck(s*rk) = (D(S*rk) — CD(S*Fk_l)
® Summing over all player we get:
ZieN ci(s) < ZiEN CD(S*Fi) _ CI)(S*Fi—l)

= CD(S*Fn) — CI)(Q)
= P(s*)
— ZeEs* CeH(ne (S*))
= H(n)OPT




Fair Connection Games
SPoA - Upper Bound

® Theorem: The SPoA of a fair connection game with non-

decreasing concave edge cost functions and n players is at

most H(n).
° Proqf:

® Let be ¢c,(n,) be the cost function

Since it’s concave, the cost per an edge might increase with the number of

Ce(Ne)
¢’ decreases.

players, but the cost per player s

® The key inequalities from the previous proot holds:
cost(s) < d(s*) < H(n)OPT
1 2
1) cx(s) < cx(S—rpSry) < ck(S'ry)

2)  Ce(x) non decreasing, hence: Z:e:lceT(x) < H(n,)c.(n,)




Fair Connection Games
SPoA - Upper Bound

® Theorem:The k-SPoA of a fair connection game with n

players is at most % H(k).

® Proof:
® Let s be a SE and s be the OPT.
® For simplicity assume n/k is an integer.
® Ty, ..., Ty - partition of the players to groups of size k.
* A - the induced game by profile s, when T; play ST, and N\T;
is fixed to ST,

® The obtained edge cost function in Aj is non—decreasing and

concave, hence the previous theorem holds:




Fair Connection Games
SPoA - Upper Bound

® Theorem:The k-SPoA of a fair connection game with n

players is at most % H(k).
° Procf:

® According to previous theorem:
costy, (sr,) = z ci(s) < H(k)OPT(A;) < H(K)OPT(A)
iETj

® Summing over all Aj:
n/k

costp(s) = 2 costy; (ST].) < %H(k)OPT(A)
j=1




Fair Connection Games
SPoA - Lower Bound

® Theorem: For fair connection game with n players,

k —SPoA = max{n/k, H(n)}

® Proof:
e ¢(OPT)=1+¢
® Unique NE and SE

e ¢(NE) =c(SE) =c(N)
e PoS = SPoS = SPoA = PoA = H(n)




Fair Connection Games
SPoA - Lower Bound

® Theorem: For fair connection game with n players,

k —SPoA = max{n/k, H(n)}

® Proof:
e «(OPT) = 1
e c(k —SE) = %

All players choose the edge with cost %;

1 1
* Cost of each player is ”

e If coalition up to size k will deviate to edge

: . 1
with cost 1, the cost of each player is at least p

_n
. k—SpoA—k

=3




Fair Connection Games
SPoS

® Theorem: There exist a fair connection game in which

SPoS > PoS.

® Proof:
e ¢(OPT)=1+¢
e ¢c(NE)=1+c¢
e PoS =1

o C(SE) =TI+
e SPoS = 6(logn)




Fair Connection Games
SPoS

* Note: The known upper bound for PoS still holds, since
SPoS < SPoA < H(n)

e Overall we get:

PoS < SPoS < SPoA < H(n)




a .
General Connection Games

Equilibrium Existence
® The Model:

® The action §; is a payment vector p;

* p;(e) —how much player [ is willing to contribute to buy e

® For profile p = (p1, D2, .-, Pn), Eyp is the set of bought edges

ce€E,if);pi(e) =c,

* G, = (V, Ep) — the resulting graph

® The total cost of a player is ¢;(p) = ZeEEp p;(e) if s; is
connected to t; in G, and 0 otherwise.

® The total cost for profile p: ¢ (p) = 2;ci(p)




General Connection Games
Equilibrium Existence

® Theorem: In every symmetric general connection game there
exists a SE.

° Procj: as in fair connection games

® Theorem:There exists a single source general connection game
that does not admit any SE.

® Theorem: EVGI'y single Source general connection game on a series

parallel graph admits a SE.

® Define an order on the sinks, such that a lower indexed sink has a
path to the higher indexed sink.
® Each player j > 1 will buy the shortest path from 1 to j:
pay Ce for every edge.

The cost of all edges “before” 1 is set to zero, so the payment for those edges
will be zero.

® This algorithm results in a SE.




General Connection Games
Equilibrium Existence

® Theorem: There exists a single source general connection

game that does not admit any SE.
® Proof:

® Check every NE:
1. Al players use 3:

There are 2 agents that pay together more than 2
They can move and pay 2 — €
2. 2 players use the same 2 — €, and the
third uses different 2 — € edge.
The players with p # 0 can move to edge 3.

Their overall payment will reduce to 3 from 4 — 2¢




General Connection Games
SPOA

* Results for the SPoA (without proof):

® Theorem: In single source general connection game, if there
exists a SE then SPoA = 1 (it is the optimum).

® Theorem: In any multi commodity general connection game, if
there exists a SE then SPoA = 1 (it is the optimum).




Cost Sharing Connection Games
| |FairComnection | General Connection

single source always always

single sink

single source SPG SPG
multiple sinks not always not always
multiple sources EPG

multiple sinks not on SPG




